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Abstract. We prove that if the group of isometries of C{X, E) is algebraically re- 
flexive, then the group of n-isometries is also algebraically reflexive. Here, X is a 
compact HausdorfF space and i? is a Banach space. As a corollary to this, we establish 
the algebraic reflexivity of the set of generalized bi-circular projections on C{X,E). 
This answers a question raised in |T]. 



1. Introduction 

Let X be a compact HausdorfF space and Ehea. Banach space. We denote by G{E) the 
group of ah surjective isometries of E. Suppose that E has trivial centrahzer. Then any 
isometry r of C(X, is of the form Tf{x) = T{x){f{(j){x))) for x G X and / G C{X,E), 
where r : X — > Q{E) continuous in strong operator topology and is a homeomorphism of 
X onto itself. Let a"(C(X,£;)) = {T e g{C{{X,E))) : T" ^ I}. Any T e g"{C{X,E)) 
is called an n-isometry. It can be easily proved that T G Q^^{C{X, E)) if and only if there 
exist a homeomorphism (p oi X such that — x for all x G A, a map r : A — > Q{E) 

satisfying t(x) o T((f>{x)) o ... o T{(f>"'~^{x)) — /, where / denotes the identity map and T 
is given by Tf{x) = T{x){f{(t>{x))), for all a; G A and / G C{X,E). 

Let B{E) be the set of all bounded linear operators on E and S is any subset if B{E). 
The Algebraic closure 5" of S is defined as follow: T G iS" if for every e G -E there 
exists Te ^ S such that T(e) = T'e(e). S is said to algebraically reflexive if S" = iS". Let 
T denotes the unit circle. A linear projection P : E ^ E is said to be a generalized 
bi-circular projection (GBP for short) if for some A G T. P + A(/ — P) is an isomctry. 

It was proved by Dutta and Rao, see [T], that for a compact Hausdorff space A, if 
g{C{X)) is algebraically reflexive then t/^(C(A)) is also algebraically reflexive. In this 
note we prove this result for vector valued continuous functions and for any n > 2. We 
also answer a question raised by them about the algebraic reflexivity of the set of GBP's 
of C(A, E). 
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2. Main Results 

Theorem 2.1. Let X be a compact HausdorjJ space and E be a Banach space. If 
G{C{X,E)) is algebraically reflexive, then Q"" {C {X , E)) is also algebraically reflexive. 

Proof. Let T G 6;«(C(X, Then, for each / e C{X,E) we have Tf{x) = 
Tf{x){f{(j)f{x))) where r/ : X — >• Q{E) is continuous in s.o.t satisfying Tf{x) o Tf{(p{x)) o 
... o T/(<^"~^(a;)) = / and is a homeomorphism of X such that <^"(a;) = x for 
all X £ X. By the algebraic reflexivity of Q{C{X,E)), T is an isometry and hence 
Tf{x) = T{x){f{(j){x))) where t(x) £ G{E) for each a; and cMs a homeomorphism of X. To 
show that T" = / wc need to show that = x and T{x)oT{(f){x))o ...oT{ct)"^^ (x)) = I. 

Firstly suppose that / is a rank one tensor product, i.e., / = /i{^e, where /i is a 
strictly positive function C{X) and e € E. Since T{x){f{(j){x))) = Tf{x){f{(j)f{x))), we 
get T{x){h{(f){x))e) = Tf{x){h{(f)f{x))e). As t{x) and Tf{x) are both isometries we have 
h{(t){x)) = h{(t)f{x)). Therefore, t{x) = Tf{x) for all x € X. 

Now consider any point x G X. 
Case(i): x = (t>{x). 

Then = times) = x. Choose /i e C(X) such that < 

h < 1 and = {x}. For / /i{^e, e G i?, evaluating T/ at x we get 

r/(ar) = T{x){f{4>{x))) = T{x){h{x)e) = T{x){e) = rf{x){f{^f{x))) = Tf{x){h{<l>f{x))e). 
As t{x) and T/(a;) are isometries, by the choice of h we have (pf{x) = x. Now, 

/ = Tf{x)oTf{(pf{x))o...OTf{(j>^~^{x)) = Tf{x)oTf{x)o ...OTf{x) = t{x) O t{x) O ... O t{x) . 

Case(ii): (j){x) ^ x, (j/^{x) = x, m divides n and (t)^{x) ^ xM s such that 1 < s < m. 
As m divides n, n = mq for some positive integer q. Therefore, (f>"{x) = (f>™'^(x) = 
4r{(j)^{...{(j)"^{x)))...){q times) = x. Now, choose h e C(X) such that 1 < h < m and 
/i-i(l) = {x}, h-\2) = {<j>{x)},..., h-\m) = {<j)"'-\x)}. Let f = h0e, for any bGE. 
Evaluating Tf at x we get Tf{x) = T{x){f{(j){x))) = T{x){h{(j){x))e) = r(a;)(2e) = 
Tf{x){f{(j)f{x))) = Tf{x){h{(t)f{x))e). This implies that r(a;)(2e) = Tf{x){h{(l)f{x))e). 
As t{x) and Tf{x) are isometries we get h{<j>f{x)) = 2 and by the choice of h we get 
4>{x) = (f>f(x). Similarly, applying Tf at (f>(x),... ,(/)"^^(a;) we get (t>P{x) = <ifj{x) for 
1 < p < n — 1. Using the above and the fact that t{x) = Tf{x) for all a; G X we have 
t{x) o t{(I){x)) o ... o r((?i."-i(a;)) = T/(a;) o Tfi(j)f{x)) o ... o Tf {(j)'}-\x)) = I. 
Case(iii): (f){x) ^ x, (l/^{x) = x, m does not divide n and (p^{x) ^ xM s such that 
1 < s <m. 

Therefore, 3 integers r and q such that n = mq + r, < r < m. 
Now, choosing h G C'(-'^) as in case(ii) and proceeding in the same way 
we get (j)P{x) = (j>P{x) for 1 < p < n - 1. Now, Tficp'^-^x)) = 

T{r-\x)){f{r{m = T{r-\x)){h{ci>-{x))e) = rjir-H^mfihir-Hx)))) = 
Tf{r-\x)){f{<i>f{ci^Y\x)))) = Tf{r-\x)){f{rf{x))) = rf{r-\x)){f{x)) = 
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T/((/)"-i(a;))(/i(a;)e) = T/(0"-i(x))(e). Thus, 

T((/)"-i(a:))(/i(0"(a;))e) = r/((/)"-i(a;))(e) which imphes that = x. But (^"(x) = x 

impUes that = x and therefore a; = (f)"'{x) = = (?!)''(0™9(a;)) = (?!)'^(a;), a 

contradiction because r < m. 
Case(iv): ^(a;) 7^ x, (t>'^{x) ^ x, 4>^^^^{x) ^ x. 

Choose h such that 1 < /i < n and /i^Hl) = {a;}, ^"^2) = {^(a;)},..., /i~i(n) = 
{(/)"^^(a;)}. Proceeding the same way as in case (iii) we get (/>"(x) = x and t(x) o 

T{(j){x)) O ... Ot(<^"-1(x)) = /. 

□ 

Our next coroUary follows from a result by Jarosz and Rao, see Theorem 7 in [3], and 
Theorem O 

Corollary 2.2. Let X be a first countable compact Hausdorff space and E be a uniformly 
convex Banach space such that Q{E) is algebraically reflexive. Then Q"'{C{X,E)) is also 
algebraically reflexive. 

Corollary 2.3. Let X and E be as in Corollary\EM Then the set of GBP's on C{X, E) 
is algebraically reflexive. 

Proof. Let the set of all GBP's on C{X, E) be denoted by V. Let P eP". Then for each 
/ G C{X,E), there exists Pf <E P such that Pf = Pjf. Thus by [Jj, for each / there 
exists a homeomorphism of X, (jyj'ix) ~ x for all x ^ X and Tf : X Q{E) satisfying 
Tf{x) o Tf{<i>j{x)) = / such that Pf[x) = \{f{x) + Tf{x){f{c^f{x)))). 

Thus for each /, (2P - L)f{x) = Tf{x){f{(j)f{x))) which implies that 2P - / £ 
g'^{C{X,E)f . The conclusion follows from Corollary El 

□ 
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